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CASE STUDY

An analytical proposal for solution of Bessel
Equation applied on heat transfer for adiabatic
finds

Clovis Nchikou

Universidad Interline, Area Metropolitana de Monterrey, 20 de Noviembre 316 Sur, Centro de Cadereyta Jiménez,
Nuevo Ledn, México.

ABSTRACT

In this paper we present the mathematical proof of the solution of the Bessel
equation applied to heat transfer for adiabatic extended surfaces. Although the final
expression is of common use in engineering such as chemical, mechanical and
related engineering, its obtaining from the analysis of the Bessel solution is not easy
to find. The solution was obtained by the typical Frobenius Series method.

Keywords: Extended surfaces; Frobenius Series Method; Gamma Function; One-
dimension conduction.

Una solucion de la Ecuacidn de Bessel aplicada para la
transferencia de calor en aletas adiabaticas

RESUMEN

En este estudio de caso se presenta la demostracidon matematica de la solucién de la
ecuacion de Bessel aplicada a la transferencia de calor para superficies extendidas
adiabaticas. Aunque la expresién final es de uso comun en ingenierias como la
quimica, mecanica y afines, su obtencion a partir del analisis de la solucion de Bessel
no es facil de encontrar. La solucién se ha obtenido por el método tipico de la serie
de Frobenius.

Palabras clave: Conduccién unidimensional, Funcién Gamma, Series de Frobenius,
Superficies Extendidas.
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1. Introduction

The next equation is the second order differential equation for thermal profile of adiabatic find [1]:

T 10T 2h )

with A is the local convection coefficient, & is the thermal conductivity, ¢ is the thickness, T,is the fluid
temperature, ris the radius coordinate y Tis the temperature of the system. The Eq. (1) is a special form of
Bessel Equation, which can be writing as parametric form [1]:

%0 100 )
T
gzt g mo=0

with:

0=T —T,

r=2

2 _2h

Tkt

The boundary conditions of this equation are:

A= Al_)9=03
a0
A= A= =7la=2, =0

The general solution of the modified Bessel equation using a Frobenius is:
8(4) = C1ly(mA) + C;Ky(mA) 3)

where I, y K, are modified Bessel function of zero order of first and second class, respectively, and C; y C,
are integration constants. The evaluation of the boundary conditions permits the obtention of the Eq.(4) in
function of Iy y K.

6(1) _ Iy(mA)K1(mAy) + Ko (mA)1; (mA;) 4)
Op Iy(mA1)Ky (mAy) + Ko (mA)1; (mA,)

d[lo(mA)] —
TR and Kl (mﬂ) =

first and second class, respectively.

_ d[Ke(mA)]

where I;(mA) = m

are modified Bessel function of first and second order, for

2. Demonstration (Results)

Modified Bessel differential equation has a next form [2]:
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d?y dy (5)

2 7
X dy2+xdx

+ (m?x2-v¥)y =0
Comparing the Eqg. (5) with Eq. (2), we noted that Eq. (2) has a modified form of Bessel Equation.
The typical solution of the Eq. (5) is:

y(x) = C,I,(mx) + C,K,(mx) (6)
Using the parametric notation in function of 8 and A:

6(2) = Cy1,(mA) + C,K, (mA) @)
If v =0 so it obtains the modified Bessel of zero order of first and second class:

where I,(mA) is a Bessel function of order zero of the first class and K,(mA) is a Bessel function of order zero
of second class.

Applying the Frobenius Method, the following solution is proposed for the second order equation [3]:

- 9)
9 = Cnﬂnﬂz

Now, the first and second derivatives are calculated:

69 i( + )C An+a—1 (1 O)
— = n+a)C,
oA ~
920 (11)
Fyii Z(n +a)(n+a—1)C A" 2

n=0

Replacing Equation (10) and Eq. (11) in the differential Eq. (1) we have:

[00] 1 [00] (00}
D@t a- DEATE 4= (04 @CATE = m? Y (A = 0
n=0 n=0 n=0

Factoring A* parameter:

[o0] 1 [o0] (0]
A“[Z m+a)(n+a—1)C,A" 2% + EZ(n + a)Cy A1 —m? 2 C,A"M =0
n=0 n=0 n=0
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A% [Z m+a)(n+a—-1)C,A"2% + Z(n + a)C A% —m? Z C, A" =0
n=0 n=0 n=0

A“[;((n +a)(n+a—1)+(n+a))C,A"2 —m? HZ;) C A" =0
A0 (m+a)(n+a)C A2 —m? ) C,A"] =0

¢ [Z (n + a)?C, A" 2 —m? Z C,A" =0
n=0 n=0
Expanding the first series in n = C.
A [a?Cyd™% + Z(n + a)?C, A" % —m? Z C,A"=0
n=1 n=0

Now, we have a first result a2CyA%~2 = 0, with logical restrictions Cy # 0 y 1972 # 0 then:

o)

Z(n + 0)2C, A2 — m? Z C,A"=0
n=1

n=0
Z n2C,A""% —m? Z C,A™ =
n=1 n=0

In order to factor the summations it is necessary that the limits of the series as the powers of the function
are symmetric. We expand the first series by n =1:

AT 4+ ) n2GAT —m? Y G = 0
n=2

n=0

By doing n = k + 2for the first series, and n = /for the second series:

CAt + Z(k +2)2C 0K — m? Z cal=0
k=0 =0

It was obtained that the series and their powers are symmetrical, therefore & =/

A+ Z(k + 2)2Cys 2% — m? z CAk =0
k=0 k=0
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The sum is factored and ordered:

A second important result is obtained, C;A™! = 0, pero 171 # 0, so ¢; = 0, therefore:

with condition:

At + Z[(k 4+ 2)2C,, — MEC A = 0

k=0

D 10 +2)Cyp = m? G2k = 0
k=0

(k + 2)2Ck+2 - mZCk =0

It is explicitly expressed Cy,, as:

A generalized recurrence relationship is then obtained for Cy ,,:

Cy

Cr+2 = k + 2)2 m?

C
k = 0: CZ = ﬁ
¢
k=1: C3_@m =O_)Cl=0
_ . _ G 1 G a4
=2 G (4)? Ca= (4)? (2)2
cs
k= 3: CS_@TH :0—>C3:0
— 4. L -1 G 6 ,_ 1 C 6
k=% =™ 2 G =Grarar™ ~ o @r
Cs
k=5 C, Wm =0->C=0
— 6 — G __1 G 12 ,_ 1 G 12
k=6 G=Gem > G=Ggrere™ ~ o

(12)

From the above expressions it can be concluded that the odd terms are zero, while the pairs are non-zero,
now be it Zn = k + 2, then k = 2n — 2 replacing in Eq. (12):

— CZTL—Z mz
(2n)?

Con

developing the expression:
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n=1: C,=-2m?

@™

G 2, 1 Co 4
n=2 C=gEmt o aEgEm
— . — G 2 11 % 6 1 % 6
n=3 =M 2l =Grarer™ ~ % T arps™

Generalizing, in terms of Cy

Replacing in Eq. (9) and according to the results obtained for a = 0.

i(n')z E 42n (14)
0=aY anl(3) "
n=0

The above expression corresponds to a modified Bessel function of order zero and of first class [4]:

Lo () = Z(nll)z (m_/l)zn (16)

By replacing in (9):

0 = Coyly(mA) (17)

We now determine the second-class modified Bessel function, which by definition is expressed as follows [4]:

(I, (x) — L,(x)) (18)

Ko () = 2sin (mv)

Applying limit: v - u
K, (x) = lim K, (x)
vouU

Using L'Hopital for the limit of K(x):

D [n(1 () — ,(0)]
s (2 sin(mv))

K,(x) = hm K,(x) = lim

voU
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g - ne)

vou 2 mcos(mrv)

_ 1 r0 9
B 1191—% 2 cos(mv) [ﬁ (0 = %I,,(x)]

According to the property :—vl_,,(x) = —:—vlv(x), by replacing:

_ 1 2 2
N 11}1_r)rp1£ 2 cos(mv) [_%I"(x) B B_UIV(x)]

e cos(mv)l ov'® x

Now evaluating the limit for u = 0

d 19
Ko() = = [3-1,69)| lo=o 1)
The modified Bessel function /, (x) is defined as [4]:
XY o 1 X\ 27 (21)
G = (E) Z)n! T(n+1) (E)
n=

By property of Gamma Function /" (n + 7) = n/, replacing in Eq. (21) [5]:

(22)

> 2n
Iy(x) = ZO ﬁ (g)

Equation (16) satisfies the form of the Eq. (22). Deriving now /,(X) in function of v.

aa—vlv(x) = ()Z—C)U (l) (;)211 (—(F(n +v+ 1))_2)1,1)(n +v+DI(n+v+1)

n!
n=0
X X o 1 X\ 2N
+ (E) In (E);n! m+v+1) (E)
Simplifying and factoring:
0 xX\Y s 1 X\ 21 x
b= 2 ararrrn @) M@ -verr) @3

n=0
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wherey(n+v+1) = 1;((%1;:11)) Replacing Eq. (23) in Eq. (19):

[oe]

v 1 2n
Ko(x) = — l(;) z m (;) [ln ()2—6) -—Yy(n+v+ 1)]

n=0

lv=0 (24)

By evaluation in v = 0and using the Gamma Function property /" (n + 7) = n/[5]:

Ko(x) = — [ ) ) - v+ 1] (25)

1
—~ (nh)? (2

Ko() = ~In (;)< (nl!)2 GW) * (Z (n1!)2 (§)2n> Y+ 1) (26)
n=0 n=0

By replacing on Eq. (22) in Eq. (26):
Ko@) = =In(5) (@ + oG + 1 @)

Now, it is defined y(n+1)=—-y+1 +%+§+ -+ and for ¥(0) = —y. It is possible to write the function

Y(n+1) as:
=1 =1
M+ D =P+ Y —=—y+ Y =
Yo+ D) =y ,,ZP y;p

with y as a Euler constant. By replacing Eq. (28) in Eq. (27):

Ko () = = (10 () +7) 1) + 1 () <—y £y %) (29)
p=1

(28)

Simplifying and writing the Eq. (29):

2n L
0=~ (0 2) )0+ (3 )( g) -

=1

Using a change of variable x = mA and modified the Eq. (30):

Katm) == () +7) m + ( °° (nll)z (%A>2n> <i %) 31)
n=0

p=1
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Eq. (31) is a modified Bessel function of zero order and of the second kind [4]. The general solution for the
differential heat transfer equation of an annular fin is:

where I,(mA) y Ky(mA) are defined by Eq. (16) and Eq. (31), respectively. Evaluating the boundary conditions
for the adiabatic fin: First boundary condition 8(4,) = 65p:

6(41) = Op = Cilp(mAy) + C2Ko(mAy) (33)
The second boundary condition requires the derivate of Eq. (32):

a0
= = Cil'o (M) + CoK'o(mAy) G4

In the modified Bessel functions it is satisfied that I'y(x) = I; (x) and K'y(x) = —K; (x). The functions I, (x)
and K, (x) are modified Bessel functions of first order and of first and second class respectively. By replacing
in Eq. (34):

a6

Evaluating the second boundary condition g—i la=2, = 0 in the Eq. (35):

a6 36
ﬁh:/lz =0 = G I1(mA;) — C;K1(mAy) (36)

The following system of equations is obtained:

Cilo(mAy) + C;Ko(mAy) = 6Op 37)
CiI;(mA,) — C, K, (mA,) (38)
Solving for C7in Eq. (38):
_ C, K, (mA,) (39)
L7 L(may)

By replacing Eq. (39) in Eq. (37):

C,K A
%Io (mAy) + CKo(mA,) = 6p “0)
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CK1(mAR)Ip(mAy) + G Ko (mAy) 1 (mA,) 0 41)

I;(m4;) B

Solving to Cfrom Eq. (41):

_ 0gl;(mA,) 42)
K1 (mA)ly(mAq) + Ko(may)I(mAy)

G

By replacing of Eq. (42) in Eq. (39):

C. = ( Ol (MmA,) >K1 (mAy) 43)
! K1 (mAy)Iy(mAy) + Ko(may)I;(mA,) ) I, (mA,)
C. = OpK,(mA;)
1T\ Ky (mAy)lo(mAy) + Ko (mAy) L (mA,) (44)

Using C7y Czin the general solution of the modified Bessel differential equation:

_ Op K1 (ma;)Ilo(mA) (45)
o) = <K1 (mAz)Io(mA,) + Ko(may) (mlz)> *
< 011 (mA;) Ky (mA) >
K1(ma;)Io(mAy) + Ko(mA,) I (mAy)

Factorizing 6 and simplifying:

0(1) _ (Kl (mAy)Io(mAy) + I, (mAy)Ky(mA) > (46)
Op K1(mA3)Io(mAy) + Ko(mAq)I;(mAy)

Eq. (46) corresponds to the solution to the differential heat transfer equation of an annular adiabatic fin [1].
The problem is demonstrated.

3. Conclusions

In this work, the mathematical development for obtaining the solution of the Bessel Equation applied to the
description of heat transfer processes in adiabatic extended surfaces was presented. This intellectual effort
serves as support to students of chemical and mechanical engineering and other related engineering careers,
in the analysis and dimensioning of thermal equipment.
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