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ABSTRACT 

The local volumetric rate of photon absorption (LVRPA) was formulated by solving 

the radiative transfer equation (RTE) in polar coordinates with the P1 approximation 

approach (P1-2D) for the description of the radiant field in cylindrical solar 

photocatalytic reactors. A general expression of the LVRPA was formulated that can 

be employed on cylindrical photocatalytic reactors with an incident radiation 

constant along the reactor length. CPC and tubular photocatalytic reactors were used 

as reactor models and Lambert's cosine law (irradiance) was considered when using 

the boundary conditions. Simulations were carried out using the commercial TiO2-

P25, its optical properties taken from the literature. The LVRPA was found to decrease 

exponentially from the reactor wall to its center. literature rate of photon absorption 

per unit of reactor length (VRPA/H) increased exponentially with the catalyst loading 

until a value where no significant increase was observed and was found to increase 

with reactor radius, information that agrees with the literature. The optimum catalyst 

loading with the CPC reactor was about 0.364 g/L with a reactor radius equal to 1.65 

cm similar to that found in the literature when using the six-flux model in two 

dimensions (SFM-2D). The apparent optical thickness τ_App1 newly formulated with 

the P1 approximation was introduced for optimization purposes and was found more 

reliable than the optical thickness τ. This parameter not only removes the 

dependence of the optimum catalyst loading on the reactor's radius but also its 

dependence on catalyst albedo. τ_App1was found about 9.73 and 14.6 for CPC and 

tubular reactors respectively and provides the optimum catalyst loading and the 

reactor radius that optimize the radiation absorption inside both reactors.  

  

Keywords: Six-flux model; LVRPA; photoreactor. 

 

 

Aproximación bidimensional P1 (P1-2D) para la descripción del 

campo radiante en reactores solares fotocatalíticos cilíndricos 

 

RESUMEN 

Se formuló la velocidad volumétrica local de absorción de fotones (LVRPA) 

resolviendo la Ecuación de Transferencia Radiativa (RTE) en coordenadas polares con 

la aproximación P1 (P1-2D) para la descripción del campo radiante en reactores 

solares fotocatalíticos cilíndricos. Se formuló una expresión general del LVRPA que 

puede emplearse en reactores fotocatalíticos cilíndricos con una radiación incidente 

constante a lo largo de la longitud del reactor. Se utilizaron reactores fotocatalíticos 

CPC  y  tabulares  como  modelos  de  reactor  y  se  consideró  la  ley del coseno de
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Lambert (irradiancia) al utilizar las condiciones de contorno. Las simulaciones se realizaron utilizando el TiO2-P25 

comercial cuyas propiedades ópticas se tomaron de la bibliografía. Se encontró que el LVRPA disminuye 

exponencialmente desde la pared del reactor hacia su centro. La velocidad volumétrica de absorción de fotones por 

unidad de longitud del reactor (VRPA/H) aumentó exponencialmente con la carga de catalizador hasta un valor en el 

que no se observó un aumento significativo y se encontró que aumentaba con el radio del reactor, información que 

concuerda con la literatura. La carga óptima de catalizador con el reactor CPC fue de aproximadamente 0,364 g/L con 

un radio del reactor igual a 1,65 cm, similar a la encontrada en la literatura cuando se utilizó el modelo de seis flujos en 

dos dimensiones (SFM-2D). El espesor óptico aparente τ_App1 formulado de nuevo con la aproximación P1 se introdujo 

con fines de optimización y se encontró más fiable que el espesor óptico τ. Este parámetro no sólo elimina la 

dependencia de la carga óptima de catalizador del radio del reactor, sino también su dependencia del albedo del 

catalizador. El τ_App1 se encontró alrededor de 9,73 y 14,6 para CPC y reactores tubulares, respectivamente, y proporciona 

la carga óptima de catalizador y el radio del reactor que optimizan la absorción de radiación dentro de ambos reactores. 

 

Palabras clave: Six Flux Model; LVRPA; Fotorreactor. 

 
 

1. Introduction 

 

Water contamination is a serious global concern, particularly impacting underdeveloped countries. Several 

ways have been proposed to overcome this issue. For many decades, heterogeneous photocatalysis has been 

regarded as a viable oxidation approach for disinfecting and decontaminating water [1], [2]. It is an advanced 

oxidation technology that uses solar or artificial radiation to photoexcite photocatalysts. When a 

semiconductor is activated with energy equal to or higher than its band gap energy, electron-hole pairs form. 

When these pairs come into contact with charge carriers (H2O, OH−, O2, etc.), they produce radical oxidative 

species such as hydroxyl radicals. These radicals are transitory molecules that target pollutants found in the 

fluid phase via oxidative or reductive reaction pathways [3]. Research on solar photocatalysis as a clean 

technology for producing hydrogen and solar fuels, as well as a sustainable alternative to treating industrial 

wastewater and removing organic pollutants, dyes, pesticides, and emerging contaminants, has increased 

significantly as a result of the ongoing concern about water remediation [4], [5]. Mathematical modeling has 

become increasingly relevant in this field since it has been used as a powerful and vital tool for the design of 

photoreactors of different configurations [6]. The mathematical modeling of photocatalysis processes is built 

on a series of sub-models, including the modeling of the radiant field [7]. This sub-model is composed of the 

solar emission and the absorption-scattering models for the evaluation of the LVRPA, one of the main 

parameters of the intrinsic kinetic equation [8]. The LVRPA strongly depends on the reactor configuration, 

radiation source, catalyst load, and type of photocatalyst, in some cases on the contaminant when this 

absorbs the radiant energy.  For its formulation, the RTE should be solved, with its integro-differential form 

[9] which makes this task very challenging to accomplish. Eq. (1) shows the steady-state and non-

temperature-dependence of the RTE, which describes the different phenomena that occur on the light when 

it traverses a medium, such as absorption, in-scattering, and out-scattering as represented in Eq. (1). 

 
𝑑𝛪𝜆(𝑆,𝛺)

𝑑𝑠
= −𝐾𝛪𝜆(𝑆, 𝛺) − 𝜎𝜆𝛪𝜆(𝑆, 𝛺) +

𝜎𝜆

4𝜋
∫ 𝑃(𝛺′ → 𝛺)𝛪𝜆(𝑆, 𝛺

′)𝑑𝛺′
𝛺=4𝜋

                                                             (1) 

 

where 𝛪𝜆  is the photon irradiance (W/m2), 𝛫𝜆  the absorption coefficient (m2/kg), 𝜎𝜆  the scattering coefficient 

(m2/kg), 𝑃(𝛺′ → 𝛺)the scattering phase function, 𝜆 the wavelength (m), 𝑆 the spatial coordinate (m) and 𝛺 

the directional solid angle (Steradian) [10-12]. 
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Several numerical techniques, such as the discrete ordinate methods (DOM) and the Monte Carlo model, 

were employed to solve the RTE; However, these techniques are time-consuming and require large 

processing resources [13-15]. Alternative analytic methods such as the n-flux or the Pn approximation models 

(n is a strictly positive integer) have been implemented to solve the RTE and have been satisfactorily used for 

the description and estimation of the radiant field in various types of photocatalytic reactors [16], [17].  As 

the name suggests, the P1-approximation is the simplest form of the spherical harmonics method. It only 

uses the first two terms of the Pn approximation [18-20]. It is more versatile than two and four-flux models 

because it lends itself more easily to different geometries [16]. It has been used to solve the RTE in one 

dimension in flat plate photoreactors and two dimensions in parabolic photoreactors [16], [21]. The P1 

approximation saves computational time and effort by reducing the mathematical complexity of the RTE to 

an analytical equation [16], [17], [21]. CPC photocatalytic reactors are cylindrical reactors with the ability to 

receive radiation not only on their side exposed to the sun but also on their side hidden from it. They can be 

scaled up and can be used with solar radiation, so they are very attractive and provide an excellent 

configuration for efficient activation of the photocatalyst TiO2 [22], [23]. Their modeling requires a complex 

analysis of the radiation field inside the photoreactor [24-26]. 

 

In this study, an analytic expression of the LVRPA for cylindrical solar photocatalytic reactors with incident 

radiation constant along the reactor length was derived and special cases of tubular and CPC were addressed. 

Lambert's cosine law (irradiance) was considered in the boundary conditions when running the simulations. 

Lambert's cosine law stipulates that the incoming radiation at a point on a surface is proportional to the 

cosine of the incidence angle between the normal vector and the incident beam that hits the point; The 

fluence rate, unlike the irradiance considers the entire radiation intensity reaching the boundary [15], [25], 

[27]. A new dimensionless optimization parameter, the apparent optical thickness (𝜏𝐴𝑝𝑝1) was introduced with 

the P1 approximation approach, this parameter was recently applied to flat plate photocatalytic reactors [28]. 

The commercial titanium dioxide Degussa P-25 was used as a catalyst model with its optical properties taken 

from the literature [24].  

 

2. Methodology 

 

2. 1 Mathematical modeling for the radiant field 

 

The radiant field was estimated by solving the RTE in two dimensions (in polar coordinates), and then the 

𝐿𝑉𝑅𝑃𝐴 was deduced. Eq. (2) is the governing equation of the P1 approximation or the so-called Helmholtz’s 

equation which will be solved later with suitable boundary conditions. 

 

𝛥𝐺𝜆 =
1

𝑟

𝜕(𝑟
𝜕𝐺𝜆
𝜕𝑟
)

𝜕𝑟
+

1

𝑟2
𝜕2𝐺𝜆

𝜕𝜃2
+
𝜕𝐺𝜆

𝜕𝑧
= 𝑘𝑑,𝜆

2 𝐺𝜆                                                                                                             (2) 

  

where,  

 

𝑘𝑑,𝜆 = 𝛽𝜆√3(1 − 𝜔𝜆) (1 − 𝑔𝜆
𝜔𝜆

3
)                                                                                                                        (3) 
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where 𝑔𝜆  is the asymmetry factor corresponding to the monochromatic radiation of wavelength 𝜆 and which 

is proper to each catalyst, 𝛽𝜆 is the monochromatic extinction coefficient being the sum of 𝜅𝜆 and 𝜎𝜆 which 

are the monochromatic absorption and scattering coefficients respectively defined as, 

 

𝛽𝜆 = 𝜅𝜆 + 𝜎𝜆                                                                                                                                                           (4) 

 

All of these coefficients linearly depend on catalyst particle concentration, as, 

 

𝛽𝜆 = 𝛽𝜆
⋆𝐶𝑐𝑎𝑡 , 𝜅𝜆 = 𝜅𝜆

⋆𝐶𝑐𝑎𝑡 ,  𝜎𝜆 = 𝜎𝜆
⋆𝐶𝑐𝑎𝑡                                                                                                               (5) 

 

where 𝐶𝑐𝑎𝑡 is the catalyst concentration, 𝛽𝜆
⋆, 𝜅𝜆

⋆ and 𝜎𝜆
⋆ are specific coefficients, independent of this 

concentration (for values in the usual ranges for photocatalysis). 

 

𝜔𝜆  is the scattering albedo which gives the probability that a photon is scattered when colliding with a particle 

defined as, 

 

𝜔𝜆=
𝜎𝜆

𝛽𝜆
                                                                                                                                                                      (6) 

 

Instead of using the monochromatic parameters, one should use their average values in a defined wavelength 

interval [𝜆𝑚𝑖𝑛, 𝜆𝑚𝑎𝑥] using the following equation, 

 

𝛤∗=
∫ 𝛤𝜆
𝜆𝑚𝑎𝑥
𝜆𝑚𝑖𝑛

𝐼(𝜆)𝑑𝜆

∫ 𝐼(𝜆)
𝜆𝑚𝑎𝑥
𝜆𝑚𝑖𝑛

𝑑𝜆
                                                                                                                                                    (7) 

 

where 𝛤𝜆  can be one of the parameters 𝜅𝜆 , 𝜎𝜆, 𝛽𝜆 or 𝑔𝜆  and 𝜆𝑚𝑖𝑛=280 nm, 𝜆𝑚𝑎𝑥=395 nm given by the 

interception of solar emission spectrum and titanium dioxide absorption spectrum; 𝐼(𝜆) is the spectrum of 

solar emission power [29]. 

 

𝐺𝜆  is the local radiation which corresponds to the integration of the irradiance 𝐼𝜆 all over the solid angle 𝛺. 

After finding the expression of 𝐺𝜆, one can easily deduce the local volumetric rate of photon absorption 

(𝐿𝑉𝑅𝑃𝐴) from Eq. (8); this parameter is very important for the determination of the intrinsic kinetic rate 

equation of any photocatalytic reaction system. 

 

𝐿𝑉𝑅𝑃𝐴 = (𝑘𝜆 + 𝜅𝑐)𝐺𝜆                                                                                                                                          (8) 

 

where 𝑘𝜆 and  𝜅𝑐 are the catalyst and contaminant absorption coefficients respectively.  

The volumetric rate of photons absorption per unit reactor length, 𝑉𝑅𝑃𝐴/𝐻 which describes the distribution 

of the photon absorption inside the reactor gives a broader view of the energy absorption since it does not 

depend on the reactor length. It is defined later in this work and obtained by integrating the 𝐿𝑉𝑅𝑃𝐴 over the 

circular cross section of the reactor. The overall volumetric rate of photons absorption (OVRPA) is obtained 

just by multiplying the 𝑉𝑅𝑃𝐴/𝐻 by the reactor length.  

 

Eq. (2) in polar coordinates results in,  
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𝑟
𝜕2𝐺𝜆

𝜕𝑟2
+
𝜕𝐺𝜆

𝜕𝑟
+
1

𝑟

𝜕2𝐺𝜆

𝜕𝜃2
− 𝑘𝑑,𝜆

2 𝑟𝐺𝜆 = 0                                                                                                                     (9) 

 

Eq. (11) is solved using the method of separation of variables, by assuming 𝐺𝜆 = 𝐺𝑟,𝜆𝐺𝜃,𝜆 where 𝐺𝑟,𝜆  and 𝐺𝜃,𝜆 

are functions of 𝑟 and 𝜃 respectively. 

 

Dividing Eq. (9) by 𝐺𝑟,𝜆𝐺𝜃,𝜆 and rearranging, one finds, 

 

𝑟(𝑟
𝜕2𝐺𝑟,𝜆

𝜕𝑟2
+
𝜕𝐺𝑟,𝜆
𝜕𝑟

)

𝐺𝑟,𝜆
− 𝑘𝑑,𝜆

2 𝑟2 = −

𝜕2𝐺𝜃,𝜆

𝜕𝜃2

𝐺𝜃,𝜆
                                                                                                                     (10) 

 

The terms at the left and right-hand sides of Eq. (10) depend exclusively on 𝑟 and 𝜃 respectively but since 

they are equal, they should be a real constant 𝜂. Then, Eq. (10) results in Eqs. (11-12) 

 

𝑟2
𝜕2𝐺𝑟,𝜆

𝜕𝑟2
+ 𝑟

𝜕𝐺𝑟,𝜆

𝜕𝑟
− (𝑘𝑑,𝜆

2 𝑟2 + 𝜂)𝐺𝑟,𝜆 = 0                                                                                                          (11) 

 
𝜕2𝐺𝜃,𝜆

𝜕𝜃2
= −𝜂𝐺𝜃,𝜆                                                                                                                                                    (12) 

 

By changing the variable 𝑟 by 𝑟1 = 𝑘𝑑,𝜆𝑟 , Eq. (11) turns to 

 

𝑟1
2 𝜕

2𝐺𝑟1,𝜆

𝜕𝑟1
2 + 𝑟1

𝜕𝐺𝑟1,𝜆

𝜕𝑟1
− (𝑟1

2 + 𝜂)𝐺𝑟1,𝜆 = 0                                                                                                          (13) 

 

Assuming 𝜂 positive, Eq. (13) is the modified Bessel differential equation which has the general solution, 

 

𝐺𝑟1,𝜆(𝑟1) = 𝐺𝑟,𝜆(𝑟) = 𝐴𝜂𝐼𝜂(𝑘𝑑,𝜆𝑟) + 𝐵𝜂𝐾𝜂(𝑘𝑑,𝜆𝑟)                                                                                            (14) 

 

where 𝐼𝜂 are 𝐾𝜂 modified Bessel functions of first and second kind respectively. 

 

The general solution for Eq. (14) is: 

 

𝐺𝜃,𝜆 = 𝐶𝜂 cos(√𝜂𝜃) +𝐷𝜂 sin(√𝜂𝜃)                                                                                                                   (15) 

 

where 𝐴𝜂, 𝐵𝜂, 𝐶𝜂 , and 𝐷𝜂  are real constants. 

 

Considering that physically the specific intensity of the radiation 𝐺𝜆 must be 2𝜋−periodic with respect to 𝜃 

(Arancibia-Bulnes et al., 2009; Nchikou et al., 2021), then 𝐺𝜃,𝜆 should be also 2𝜋−periodic with respect to 𝜃 

and √𝜂 should take the values 𝑛 = 0,1,2, …, then 𝜂 = 𝑛2, 𝑛 = 0,1,2, … 

Finally, the general solution of Eq. (9) is the superposition of the set of solutions (one must consider all 

eigenfunctions). Then, the general solution for Eq. (9) is,    

        

𝐺𝜆 = ∑ (𝐴𝑛𝐼𝑛(𝑘𝑑,𝜆𝑟) + 𝐵𝑛𝐾𝑛(𝑘𝑑,𝜆𝑟)) (𝐶𝑛cos(𝑛𝜃) +𝐷𝑛 sin(𝑛𝜃))
+∞
𝑛=0                                                              (16) 
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𝐺𝜆 is a Fourier series in terms of angular coordinate, thus, for the determination of the integration constants, 

it is necessary to expand the incident radiation reaching the reactor wall 𝐺0 as a Fourier series [16], [25] as 

follows, 

 

𝐺0 =
ℎ0

2
+∑ [ℎ𝑛𝑐𝑜𝑠(𝑛𝜃) + 𝑤𝑛𝑠𝑖𝑛(n𝜃)]

+∞
𝑛=1                                                                                                         (17) 

 

where ℎ𝑛 and 𝑤𝑛 are 𝐺0 Fourier series expansion constants defined by Eqs. (18-20) using the so-called 

orthogonality relations between sine and cosine functions.  

 

ℎ0 =
1

𝜋
∫ 𝐺0𝑑𝜃
2𝜋

0
                                                                                                                                                   (18) 

 

ℎ𝑛 =
1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

0
                                                                                                                                     (19) 

 

𝑤𝑛 =
1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

0
                                                                                                                                    (20) 

 

For cylindrical reactors receiving radiation from their external wall, one should make sure that the radiation 

intensity does not diverge at the reactor center (𝑟 = 0).  

In this case, since 𝐾𝑛  diverges when 𝑟 = 0, 𝐵𝑛  should be taken zero. Then, Eq. (16) leads to, 

 

𝐺𝜆 = ∑ 𝐴𝑛𝐼𝑛(𝑘𝑑,𝜆𝑟)(𝐶𝑛cos(𝑛𝜃) +𝐷𝑛 sin(𝑛𝜃))
+∞
𝑛=0                                                                                            (21) 

 

The integration constant 𝐴𝑛 should be determined using the Marshak’s boundary condition [30] with respect 

the radial coordinate as follows, 

 

𝐺𝜆(𝑅, 𝜃) +
2

3𝜉𝜆

𝑑𝐺𝜆

𝑑𝑟 𝑟=𝑅
= 4𝐺0(𝑅, 𝜃)                                                                                                                     (22) 

 

which implies, 

 

∑ 𝐴𝑛 (𝐼𝑛(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝑑,𝜆𝑅)) (𝐶𝑛cos(𝑛𝜃) +𝐷𝑛 sin(𝑛𝜃))

+∞
𝑛=0 = 4𝐺0                                                        (23) 

 

For 𝑛 = 0, 𝐷0 = 0 and, 𝐶0 =
1

2𝜋
∫ 𝐺0𝑑𝜃
2𝜋

0
,  

 

𝐴0 =
4

𝐼0(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼1(𝑘𝑑,𝜆𝑅)

                                                                                                                                     (24) 

 

For 𝑛 > 0, 

 

𝐴𝑛𝐶𝑛 (𝐼𝑛(𝑘𝑑,𝜆𝑅) +
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝜆𝑅)) =

4

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

0
                                                                               (25) 
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𝐴𝑛𝐷𝑛 (𝐼𝑛(𝑘𝑑,𝜆𝑅) +
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝜆𝑅)) =

4

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

0
                                                                               (26) 

 

𝐶𝑛

𝐷𝑛
=

1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

0
1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

0

                                                                                                                                            (27) 

 

By taken 𝐶𝑛 =
1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

0
  and 𝐷𝑛 =

1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

0
, 

 

𝐴𝑛 =
4

𝐼𝑛(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝑑,𝜆𝑅)

                                                                                                                                 (28) 

 

Combining Eqs. (21, 28) results in the specific intensity of the radiation as follows:  

 

𝐺𝜆 =
4𝐼0(𝑘𝑑,𝜆𝑟)(

1
2𝜋 ∫ 𝐺0𝑑𝜃

2𝜋

0
)

𝐼0(𝑘𝑑,𝜆𝑅) +
2
3𝜉𝜆

𝐼1(𝑘𝑑,𝜆𝑅)
+ 

 

∑
4𝐼𝑛(𝑘𝑑,𝜆𝑟)

𝐼𝑛(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝑑,𝜆𝑅)

((
1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

0
) cos(𝑛𝜃) +(

1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

0
) sin(𝑛𝜃))                                 +∞

𝑛=1 (29) 

 

If 𝐺0 is constant at the reactor outer wall, then 
 

𝐺𝜆= 

{
 
 
 

 
 
 4𝐼0(𝑘𝑑,𝜆𝑟) (

1
2𝜋∫ 𝐺0𝑑𝜃

𝜋

0
)

𝐼0(𝑘𝑑,𝜆𝑅) +
2
3𝜉𝜆

𝐼1(𝑘𝜆𝑅)
+∑

4𝐼𝑛(𝑘𝑑,𝜆𝑟)

𝐼𝑛(𝑘𝑑,𝜆𝑅) +
2
3𝜉𝜆

𝐼𝑛+1(𝑘𝜆𝑅)
((
1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
𝜋

0

) cos(𝑛𝜃) +(
1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
𝜋

0

) sin(𝑛𝜃))

+∞

𝑛=1

,            𝑖𝑓 𝜃 ∈ [0; 𝜋]

4𝐼0(𝑘𝑑,𝜆𝑟)(
1
2𝜋∫ 𝐺0𝑑𝜃

2𝜋

𝜋
)

𝐼0(𝑘𝑑,𝜆𝑅) +
2
3𝜉𝜆

𝐼1(𝑘𝜆𝑅)
+∑

4𝐼𝑛(𝑘𝑑,𝜆𝑟)

𝐼𝑛(𝑘𝑑,𝜆𝑅) +
2
3𝜉𝜆

𝐼𝑛+1(𝑘𝑑,𝜆𝑅)
((
1

𝜋
∫ 𝐺0𝑐𝑜𝑠(n𝜃)𝑑𝜃
2𝜋

𝜋

) cos(𝑛𝜃) +(
1

𝜋
∫ 𝐺0𝑠𝑖𝑛(n𝜃)𝑑𝜃
2𝜋

𝜋

) sin(𝑛𝜃))

+∞

𝑛=1

,   𝑖𝑓 𝜃 ∈ [𝜋; 2𝜋]

 

(30) 

 

2. 2 Cases of tubular and CPC photoreactors at a solar scale  

 

A CPC reactor is a tubular reactor that receives radiation not only on its side exposed to the sun but also on 

its part hidden from the sun thanks to its two involutes, as depicted in Figure 1. 
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                              a)                                               b) 

Figure 1. Boundary representation of radiation entrance with Lambert’s cosine law on a CPC reactor. a) Incident beam 

arriving parallelly to the reactor axis, b) Ray-tracing technique simulation on CPC reactor, 𝜉 is the angle between the 

reflected ray and the normal at a defined point on the lower side of the reactor tube. 

 

In the case of CPC photocatalytic reactors, the integration constants Eq. (21) were determined using 

Marshak´s boundary conditions with respect to the radial coordinate, assuming a collimated constant incident 

radiation arriving parallel to the reactor axis according to Figure 1 a). To achieve this, the light distribution at 

the upper and lower sides of the reactor tube (𝑓(𝜃, 𝐺0)) as defined in Eq. (31) should be determined by using 

the ray-tracing technique [26] and then expanded into Fourier transform series. 

 

𝑓(𝜃, 𝐺0) = {
𝑓1(𝜃)𝐺0 , 𝑖𝑓 𝜃 ∈ [0; 𝜋]

𝑓2(𝜃)𝐺0 ,   𝑖𝑓 𝜃 ∈ [𝜋; 2𝜋]
                                                                                                                            (31) 

 

where 𝑓1(𝜃) and 𝑓2(𝜃) are the fractions of light distribution at the upper and lower side of the reactor 

respectively and 𝐺0 is the incident light intensity. 

 

 Considering Lambert’s cosine law (irradiance) or fluence rate at the boundary, for the upper and lower-

hemicylindrical reactor tubes and Marshak´s boundary conditions, the specific intensity of the radiation is 

defined as follows: 

 

𝐺𝜆 =
4𝐼0(𝑘𝑑,𝜆𝑟)(

1

2𝜋
∫ 𝐺0𝑑𝜃
2𝜋
0 )

𝐼0(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼1(𝑘𝑑,𝜆𝑅)

+ ∑
4𝐼𝑛(𝑘𝑑,𝜆𝑟)

𝐼𝑛(𝑘𝑑,𝜆𝑅)+
2

3𝜉𝜆
𝐼𝑛+1(𝑘𝑑,𝜆𝑅)

((
1

𝜋
∫ 𝑓𝑐𝑜𝑠(n𝜃) 𝑑𝜃
2𝜋

0
) cos(𝑛𝜃) + (

1

𝜋
∫ 𝑓𝑠𝑖𝑛(n𝜃) 𝑑𝜃
2𝜋

0
) sin(𝑛𝜃))+∞

𝑛=1                

(32) 

 

When Considering Lambert’s cosine law (irradiance), 𝑓1(𝜃) is defined as 𝑠𝑖𝑛(𝜃) (Fig 1 a). For a tubular reactor 

at a solar scale with the same assumption as with the CPC reactor, since it does not receive radiation on its 

side hidden from the sun, the specific intensity of the radiation is defined by taking 𝑓2(𝜃) equal to zero in 

Eqs. (31-32). 
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The optical thickness (𝜏) and the apparent optical thickness (𝜏𝐴𝑝𝑝1) in Eqs. (33-35) defined with the P1 

approximation approach [28] were used in this work for optimization purposes. 

 

𝜏 = (𝜎∗ + 𝜅∗)𝑐𝑐𝑎𝑡2𝑅                                                                                                                                           (33) 

                                                                                                   

𝜏𝐴𝑝𝑝1 = 𝜏√3(1 − 𝜔𝜆,𝑚𝑜𝑑
2 )                                                                                                                                   (34) 

  

𝜔𝜆,𝑚𝑜𝑑 = √𝜔𝜆 (1 +
𝑔𝜆

3
−
𝑔𝜆

3
𝜔𝜆)                                                                                                                         (35) 

 

3. Results and analysis  

 

The model was applied to a heterogeneous photocatalytic solar CPC reactor based on TiO2-P25, with the CPC 

reactor characteristics taken from the literature [26]. The incident radiation was assumed to be collimated 

and parallel to the reactor axis, and Lambert’s cosine law was considered when applying the boundary 

conditions (Figure 1). The fraction of light intensity at the reactor wall used in this work, as shown in Figure 

2, was reported in the literature [26]. 

 

Table 1. Parameters of the CPC reactor 

Tube radius:  R (m) Varying 

The CPC half-acceptance angle 56° 

The solar UV radiation flux: I0 (W/m2) 30 

The specific mass absorption 𝜅 (m2/kg) 174.75 

The scattering coefficient 𝜎(m2/kg) 1295.75 

The specific mass absorption of a given contaminant: 𝜅𝑐 Considered here equal to zero  

The catalyst load: 𝐶𝑐𝑎𝑡(g/l) Starting from zero g/l 

Asymmetry factor: 𝑔 0.53 

The scattering albedo 𝜔: 
𝜎

𝜎+𝜅+ 𝜅𝑐
 0.88 

 

 
Figure 2. Fraction of light intensity at the reactor wall [26]. 
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3. 1 Absorption behavior inside the CPC reactor 

 

Figure 3 shows the 𝐿𝑉𝑅𝑃𝐴 profile at different catalyst loadings where it is observed a decrease of the 𝐿𝑉𝑅𝑃𝐴 

from the reactor wall to its center for each value of catalyst loading. It is also observed that the 𝐿𝑉𝑅𝑃𝐴 

increases with catalyst loading especially at the zones near the reactor wall while it decreases at the zones 

close to the reactor center. This figure displays an increase of the 𝐿𝑉𝑅𝑃𝐴 from 𝜃 =  0  to 𝜃 =  
𝜋

2
 since the 

incident radiation varies as the sine function of the angular variable according to Lambert's cosine law [15], 

[25-27] and as depicted in Figure 1a. 

 

 

        a) Ccat = 0.1 g/L                                               b) Ccat = 0.3 g/L 

 

      c) Ccat = 0.5 g/L                                                   d) Ccat = 0.7 g/L 

Figure 3. The 𝐿𝑉𝑅𝑃𝐴 profile for different catalyst loadings on a transversal section of the CPC reactor of radius 1.65 cm. 
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For very high values of catalyst loading (greater than 0.5 g/L), photon absorption becomes very competitive 

due to the saturation of the catalyst particles in the zone close to the reactor wall, which impedes photon 

penetration to the inner part of the reactor. A good uniformization of photon absorption was observed for a 

small amount of catalyst and was found to decrease with the increase in catalyst loading. These observations 

agree with the literature [3], [25]. 

 

 
Figure 4. The 𝑉𝑅𝑃𝐴/𝐻 as a function of catalyst loading, red and black lines represent the 𝑉𝑅𝑃𝐴/𝐻 on the CPC and 

tubular reactors respectively. Straight, interrupted and dotted lines represent the 𝑉𝑅𝑃𝐴/𝐻 for reactor radius equal to 

3, 2, and 1.65 cm respectively. 

 

For the determination of the optimum catalyst loading, the 𝑉𝑅𝑃𝐴/𝐻 was simulated, and Figure 4 shows how 

it varies as a function of catalyst loading for different values of reactor radius on CPC and tubular reactors. 

The red and black lines represent the 𝑉𝑅𝑃𝐴/𝐻 on the CPC and tubular reactors respectively, where straight, 

interrupted and dotted lines represent the 𝑉𝑅𝑃𝐴/𝐻 for reactor radius equal to 3, 2, and 1.65 cm respectively. 

This figure displays for both reactors an exponential increase of the 𝑉𝑅𝑃𝐴/𝐻 with catalyst loading until a 

fixed value from where no significant increase is observed. Therefore, working above this value could lead to 

catalyst waste which is not beneficial for the photocatalytic process from an economic point of view. It was 

found that the 𝑉𝑅𝑃𝐴/𝐻 increased with the reactor radius, this could be explained by the fact that increasing 

the reactor radius enhances the probability of photon interaction with catalyst particles. Nevertheless, an 

excessive increase in reactor radius could disfavor the photon absorption inside the reactor since the photon 

pathway to the inner zones of the reactor could increase significantly and photons will hardly reach the 

reactor's deeper zones. A reactor radius in the range of 1.25-2.5 cm was found adequate for these types of 

reactors [31], [32]. The graphic in Figure 4 shows that the optimum catalyst loading decreases with the 

increase of the reactor radius which is in good agreement with the literature [33]. At 0.3 g/L of catalyst loading, 

the 𝑉𝑅𝑃𝐴/𝐻 was found in this work about 0.59 W/m and 1.01 W/m with the SFM-2D-HG [25]. The discrepancy 

stands due to the fact that the light distribution at the lower side of the CPC reactor was not used accurately 

when implementing the SFM-2D-HG [25]. It is worth mentioning that SFM-2D-HG and SFM-2D-DR stand for 

the six-flux model in two dimensions with Heyney-Greenstein and diffuse reflectance phase functions 

respectively. The 𝑉𝑅𝑃𝐴/𝐻 on CPC reactor was 51 % higher than that on the tubular reactor with irradiance 
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which agrees with the literature when using SFM-2D-HG [25] which is evident since the tubular reactor does 

not receive radiation on its side hidden from the sun while the CPC reactor does receive. It was also found 

that the optimum catalyst loading for CPC reactors is 50 % less than that with tubular reactors, which shows 

how efficient are CPC reactors compared to tubular reactors. This result is not far from that found in the 

literature [24]. The use of the irradiance in this work was justified by the fact that it was found that using the 

irradiance at the boundary conditions is better than using the fluence rate [15]. It is then recommended to 

use irradiance at the boundary conditions when employing the P1 approximation as is the case with the SFM. 

 

Table 2. Optimum catalyst loading (𝐶𝑜𝑝 (g/L)), optical thickness (𝜏𝑜𝑝), apparent optical thickness (𝜏𝐴𝑝𝑝1,𝑜𝑝), and the 

𝑉𝑅𝑃𝐴/𝐻  (𝑉𝑅𝑃𝐴/𝐻𝑜𝑝) in W/m for different reactor radius on the CPC and tubular reactors. 

 

 

 

 

The optimum catalyst loading is found in Table 2 for three different reactor radii, as well as the optimum 

optical thickness, apparent optical thickness and 𝑉𝑅𝑃𝐴/𝐻 on the CPC and tubular reactors. For both reactors, 

𝐶𝑜𝑝 was found to decrease with the increase of the reactor radius while 𝜏𝑜𝑝  and 𝜏𝐴𝑝𝑝1,𝑜𝑝 remain insensitive 

with the change in the reactor radius. Therefore 𝜏𝑜𝑝 and 𝜏𝐴𝑝𝑝1,𝑜𝑝 remove the dependence of the optimum 

catalyst loading on reactor radius and stand as more reliable optimization parameters than 𝐶𝑜𝑝 .  

 

Table 3. Optimum catalyst loading, optical thickness, apparent optical thickness, and 𝑉𝑅𝑃𝐴/𝐻 for different catalyst 

albedo (𝑅 = 1.65 cm, 𝜅 = 174.75 m2/kg) on CPC and tubular reactors. 

  Tub reactor   CPC reactor  

𝜔 𝐶𝑜𝑝 𝜏𝑜𝑝 𝜏𝐴𝑝𝑝1,𝑜𝑝 𝑉𝑅𝑃𝐴/𝐻𝑜𝑝  𝐶𝑜𝑝 𝜏𝑜𝑝 𝜏𝐴𝑝𝑝1,𝑜𝑝 𝑉𝑅𝑃𝐴/𝐻𝑜𝑝 

0.75 0.78 17.99 14.51 0.477 0.523 12.064 9.73 0.709 

0.8 0.71 20.47 14.69 0.444 0.47 13.55 9.73 0.662 

0.85 0.61 23.45 14.5 0.402 0.401 15.76 9.75 0.604 

0.95 0.36 41.52 14.67 0.266 0.24 27.68 9.78 0.407 

 

Apart from removing the dependence of the optimum catalyst loading on the reactor radius,  

𝜏𝐴𝑝𝑝1,𝑜𝑝 seems to be almost insensitive with the change in the catalyst albedo which is not the case with 𝜏𝑜𝑝 

which fluctuated significantly as shown in Table 3. Table 3 displays the optimum optical thickness and 

apparent optical thickness for different catalyst albedos and scattering coefficients with a fixed specific mass 

absorption coefficient (𝜅 = 174.75 m2/kg) for both types of reactors. As a result, the perceived optical 

thickness is a more reliable dimensionless optimization parameter than optical thickness. The recommended 

apparent optical thickness that leads to the optimum operating conditions is around 9.73 and 14.6 for CPC 

and tubular reactors respectively. This parameter formulated with the P1 approximation approach was newly 

introduced by Clovis Nchikou on flat plate photocatalytic reactors and was found around 4.87 [28]. By using 

Eq. (33-35), the couples (R, 𝐶𝑜𝑝) that optimize the radiation absorption inside CPC and tubular reactors can 

be found. The 𝑉𝑅𝑃𝐴/𝐻𝑜𝑝 seems to decrease with the increase in scattering albedo which is obvious since this 

implies the decrease in the capacity of absorption of the catalyst.  

  Tub reactor   CPC reactor  

𝑅 (cm) 𝐶𝑜𝑝 𝜏𝑜𝑝 𝜏𝐴𝑝𝑝1,𝑜𝑝 𝑉𝑅𝑃𝐴/𝐻𝑜𝑝  𝐶𝑜𝑝 𝜏𝑜𝑝 𝜏𝐴𝑝𝑝1,𝑜𝑝 𝑉𝑅𝑃𝐴/𝐻𝑜𝑝 

1.65 0.545 26.48 14.6 0.368 0.364 17.65 9.73 0.555 

2 0.45 26.47 14.59 0.446 0.3 17.65 9.73 0.673 

3 0.3 26.47 14.59 0.67 0.2 17.65 9.73 1.0091 
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4. Perspectives 

 

Future work will formulate the 𝐿𝑉𝑅𝑃𝐴 in 3D on CPC and tubular reactors with the P1 approximation approach 

(P1-3D). 

 

Conclusion 

 

The 𝐿𝑉𝑅𝑃𝐴 was derived in polar coordinates with the P1 approximation approach for cylindrical 

photocatalytic reactors with the incident radiation supposed to be constant along the reactor height, and 

then the cases involving CPC and tubular reactors were addressed. The results found when simulating the 

model were close to those in the literature. A dimensional parameter 𝜏𝐴𝑝𝑝1 was introduced and was found to 

be reliable for optimization purposes. The information presented here is crucial because it avoids the need 

for statistical analysis of experimental designs and the employment of robust models to solve the RTE, both 

of which involve major time and financial investment. This could also be useful in creating a rate equation to 

characterize the kinetics of photocatalytic degradation of diverse substances. 
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